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Any two-qubit state can be represented geometrically by a steering ellipsoid inside the Bloch
sphere. We extend this approach to represent any block positive two-qubit operator B. We derive
a classification scheme based on the positivity of detB and detBTB ; this shows that any ellipsoid
inside the Bloch sphere must represent either a two-qubit state or a two-qubit entanglement witness.
We focus on such witnesses and their corresponding ellipsoids, finding that properties such as witness
optimality are naturally manifest in this geometric representation.
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I. INTRODUCTION
The characterisation, classification and detection of en-
tanglement in a mixed quantum state constitute a fun-
damental open problem in quantum information theory.
Entanglement witnesses provide one important approach
to this problem [1]. An entanglement witness [2] is an op-
erator that detects the presence of entanglement through
the expectation value of an observable; any entangled
state can be detected using an appropriate witness. Ex-
perimentally, entanglement witnesses provide a method
for characterising a quantum state without needing full
tomographic knowledge of the system [3]. Mathemati-
cally, the theory of entanglement witnesses gives a very
nontrivial generalisation of positive semidefinite opera-
tors (for a recent review, see Ref. [4]).
A system of two qubits is the most basic unit for
quantum entanglement. For such a system the Peres-
Horodecki criterion [5, 6] gives a simple necessary and
sufficient condition for detecting entanglement. However,
two-qubit entanglement witnesses are still of interest in
a variety of scenarios such as secure quantum key dis-
tribution [7, 8], the investigation of Bell nonlocality [9],
and the experimental characterisation of polarisation-
entangled photons [10].
The steering ellipsoid formalism [11–14] gives a faithful
representation of two-qubit states analogous to the Bloch
vector picture for a single qubit. Any two-qubit state may
be represented by an ellipsoid inside the Bloch sphere,
but not all ellipsoids inside the Bloch sphere represent a
two-qubit state. Ref. [15] gave necessary and sufficient
conditions for an ellipsoid to represent a state. In this
paper we extend the steering ellipsoid formalism to also
represent two-qubit entanglement witnesses. We will see
that an ellipsoid inside the Bloch sphere must represent
either a state or an entanglement witness. This gives an
elegant physical interpretation to all ellipsoids inside the
Bloch sphere. Refs. [15, 16] examined two-qubit states
of particular significance in the steering ellipsoid picture;
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this paper examines two-qubit entanglement witnesses
from a similar geometric perspective.
Section II introduces the basic theory to show how two-
qubit operators can be represented by ellipsoids. In Sec-
tion III we give determinant-based criteria for the char-
acterisation of two-qubit operators. This leads to a clas-
sification scheme for all ellipsoids inside the Bloch sphere.
Section IV then investigates two-qubit entanglement wit-
nesses in more detail. We study how witness optimality
is manifest in the ellipsoid representation and look at
several important examples of two-qubit entanglement
witnesses. Finally, we give a conjecture that relates the
ellipsoid picture to the notion of optimality within a set
of entanglement witnesses.
II. PRELIMINARIES
A. States and entanglement witnesses
We begin by reviewing some basic definitions and set-
ting out the notation. Let R be a Hermitian operator
acting on the Hilbert space H. R is positive semidefi-
nite (R ≥ 0) when 〈ψ|R |ψ〉 ≥ 0 for all |ψ〉 ∈ H. To be
a quantum state we also require that R has unit trace.
R is block positive when 〈ψ|R |ψ〉 ≥ 0 for all product
|ψ〉 = |φ〉 ⊗ |ν〉 ∈ H. An entanglement witness is block
positive but not positive semidefinite [17] and can with-
out loss of generality be taken to have unit trace [18].
We will denote a Hermitian operator R, a block posi-
tive operator B, a state ρ, and an entanglement witness
W . All of these will be unit trace operators acting on
H = C2 ⊗ C2.
B. Canonical two-qubit operators
Consider a Hermitian operator R; in the Pauli basis
{1,σ}⊗2 we have
R =
1
4
(1⊗1+a ·σ⊗1+1⊗b ·σ+
3∑
i,j=1
Tij σi⊗σj), (1)
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2where a = tr(Rσ ⊗ 1), b = tr(R1 ⊗ σ) and Tij =
tr(Rσi ⊗ σj). Note that R is unit trace by construction
but may or may not be positive semidefinite or block
positive.
When R is a state shared between Alice and Bob, we
can represent it using Alice’s steering ellipsoid E . This
gives the set of Bloch vectors to which Alice’s qubit
can be collapsed given all possible local measurements
by Bob [12, 13]. E necessarily lies inside the Bloch
sphere [19]. E is defined by its centre vector c and a
real 3× 3 ellipsoid matrix Q [13]:
c = γ2b (a− Tb), (2)
Q = γ2b
(
T − abT) (1 + γ2bbbT) (TT − baT) , (3)
where γb = 1/
√
1− b2 and b = |b|. The eigenvalues of Q
are the squares of the ellipsoid semiaxes and the eigen-
vectors give the orientation of these axes. Note that E
could be a degenerate ellipsoid, i.e. an ellipse, line or
point, corresponding to rank deficient Q.
Although E is a steering ellipsoid only for the case that
R is a state, we can define an ellipsoid in this way for any
two-qubit operator of the form (1). Thus E will always
be defined by its centre c and ellipsoid matrix Q, as given
by (2) and (3). E for an arbitrary R will not necessarily
lie inside the Bloch sphere.
As in Refs. [11, 13, 15, 16] we perform a reversible,
trace-preserving local filtering operation that transforms
R to a canonical operator R˜:
R˜ =
(
1⊗ 1√
2RB
)
R
(
1⊗ 1√
2RB
)
, (4)
where RB = trAR [20]. In this canonical frame b˜ = 0
and a˜ = c so
R˜ =
1
4
(1⊗ 1 + c · σ ⊗ 1 +
3∑
i,j=1
T˜ij σi ⊗ σj). (5)
The ellipsoid matrix is defined in terms of this canoni-
cal operator as Q = T˜ T˜T. The canonical operator is also
used for defining the chirality of E as χ = sign(det T˜ ) [15].
We refer to an ellipsoid with χ = +1 as right-handed and
an ellipsoid with χ = −1 as left-handed. A degenerate
ellipsoid corresponds to χ = 0. The chirality of a steer-
ing ellipsoid has implications for the entanglement of a
two-qubit state [15], and we will see that it is also an
important notion when characterising a general E .
Crucially E is invariant under the canonical transfor-
mation (4). Local filtering operations also maintain pos-
itivity and block positivity [21]. Consequently, R is a
state if and only if R˜ is a state, and R is an entangle-
ment witness if and only if R˜ is an entanglement witness.
This means that to characterise any ellipsoid describing
a general two-qubit operator R we need consider only the
canonical operator R˜.
III. CHARACTERISING TWO-QUBIT
OPERATORS USING ELLIPSOIDS
A. Block positivity
Although the ellipsoid E is defined for any Hermitian,
unit trace two-qubit operator R, block positive operators
have a particular significance.
Theorem 1. Let R be a two-qubit operator represented
by ellipsoid E. R is block positive if and only if E lies
inside the Bloch sphere.
Proof. Since E and block positivity of R are both invari-
ant under the transformation (4), it suffices to consider
a canonical operator R˜ of the form (5). R˜ is block pos-
itive when 〈ψ| R˜ |ψ〉 ≥ 0 for all product |ψ〉 = |φ〉 ⊗ |ν〉.
Let φ = 〈φ|σ |φ〉 and ν = 〈ν|σ |ν〉 be the Bloch
vectors, where we must have |φ| = |ν| = 1. Then
〈ψ| R˜ |ψ〉 = 14 (1 + φ · r(ν)), where r(ν) has components
r
(ν)
i = ci +
∑3
j=1 T˜ijνj . Since |ν| = 1, this describes the
linear transformation of a unit sphere and in fact gives
the ellipsoid E as defined in (2) and (3) [13]. r(ν) is
therefore a point on the surface of E , parametrised by ν.
So 〈ψ| R˜ |ψ〉 ≥ 0 for all |ψ〉 = |φ〉 ⊗ |ν〉 if and only if
φ · r(ν) ≥ −1 for all |φ| = |ν| = 1. This inequality is
satisfied if and only if |r(ν)| ≤ 1 for all ν, i.e. if and only
if every point on E lies within the unit sphere.
It should be noted that determining whether a general
E lies inside the Bloch sphere is a difficult problem in
Euclidean geometry [22]. In fact, given Theorem 1, the
problem is clearly equivalent in difficulty to determin-
ing whether R is block positive. This is known to be a
hard problem, and there is no straightforward test that
gives necessary and sufficient conditions for block posi-
tivity even in this simplest case of a 4× 4 matrix [23]. In
the Choi-isomorphic setting, the question is equivalent
to determining whether a single-qubit map is positive,
which is again known to be a hard problem (see, for ex-
ample, Refs. [24, 25]). However, often it will be plainly
apparent whether E lies inside the Bloch sphere from a
visualisation, and hence it will be immediately possible
to determine block positivity of R from the ellipsoid rep-
resentation.
B. Determinant criteria for states and
entanglement witnesses
We now present a novel way of characterising two-qubit
block positive operators B. This allows states and en-
tanglement witnesses to be distinguished based on the
positivity of the determinant alone.
Theorem 2. Let B be a two-qubit block positive operator.
Then B is a state if and only if detB ≥ 0; otherwise B
is an entanglement witness.
3Proof. By definition B is a state when B ≥ 0. Since B
is block positive, by definition B is an entanglement wit-
ness when B 6≥ 0. Clearly an operator B ≥ 0 achieves
detB ≥ 0. A two-qubit entanglement witness B must
have exactly one negative and three positive eigenval-
ues [26] and hence detB < 0. The condition detB ≥ 0
is therefore necessary and sufficient for B ≥ 0.
Note that the partially transposed operator BTB is
block positive if and only if B is block positive. It is
already known that a two-qubit state B is entangled if
and only if detBTB < 0 [13, 27]. Using Theorem 2,
the positivity of detB and detBTB can then be used to
classify all block positive two-qubit operators. For con-
venience we label these Classes A, B, C and D. Note that
an operator B belonging to Class B is equivalent to the
operator BTB belonging to Class C:
B and BTB are separable states⇐⇒ detB ≥ 0 and detBTB ≥ 0 (Class A)
B is an entangled state
BTB is an entanglement witness
}
⇐⇒ detB ≥ 0 and detBTB < 0 (Class B)
B is an entanglement witness
BTB is an entangled state
}
⇐⇒ detB < 0 and detBTB ≥ 0 (Class C)
B and BTB are entanglement witnesses⇐⇒ detB < 0 and detBTB < 0 (Class D)
C. Classifying block positive operator ellipsoids
Due to Theorem 1, any E inside the Bloch sphere de-
scribes a block positive two-qubit operator B and there-
fore can be classified using the scheme presented above.
Recall that the canonical transformation (4) maintains
positivity and block positivity. This means that for
block positive B we have detB ≥ 0 ⇔ det B˜ ≥ 0 and
detBTB ≥ 0 ⇔ det B˜TB ≥ 0. Since expressions involv-
ing B˜ can be written in terms of the ellipsoid centre c,
matrix Q and chirality χ, this allows us to characterise
any block positive two-qubit operator using geometric
features of E .
Expressions for det B˜ and det B˜TB were found in
Ref. [15]. Since partial transposition is equivalent to flip-
ping the ellipsoid chirality (χ→ −χ), these are identical
apart from the sign of one term:
det B˜ ≥ 0⇔ c4 − 2uc2 + q − χr ≥ 0, (6)
det B˜TB ≥ 0⇔ c4 − 2uc2 + q + χr ≥ 0, (7)
where
u = 1− trQ+ 2cˆTQcˆ, (8)
q = 1 + 2 tr(Q2)− 2 trQ− (trQ)2, (9)
r = 8
√
detQ, (10)
with the unit vector cˆ = c/c.
Theorem 3. Let E be an ellipsoid lying inside the Bloch
sphere, with centre c, matrix Q and chirality χ. The block
positive two-qubit operator B that is represented by E can
be classified according to the ellipsoid parameters:
B and BTB are separable states⇐⇒ c4 − 2uc2 + q − r ≥ 0 (Class A)
B is an entangled state
BTB is an entanglement witness
}
⇐⇒
{
c4 − 2uc2 + q − χr ≥ 0
c4 − 2uc2 + q + χr < 0 (Class B)
B is an entanglement witness
BTB is an entangled state
}
⇐⇒
{
c4 − 2uc2 + q − χr < 0
c4 − 2uc2 + q + χr ≥ 0 (Class C)
B and BTB are entanglement witnesses⇐⇒ c4 − 2uc2 + q + r < 0 (Class D)
where u, q and r are given by (8), (9) and (10).
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FIG. 1. Visualisation of example E belonging to the different Classes given in Theorem 3. (i) E belongs to Class A if and only
if it fits inside a tetrahedron inside the Bloch sphere. Both the left- and right-handed E are separable states. (Image source:
Ref. [13].) (ii) The same surface describes E belonging to Class B and E belonging to Class C. The left-handed E represents
an entangled state; the right-handed E represents an entanglement witness. Here we show the largest volume E that fits inside
the Bloch sphere for fixed ellipsoid centre c = (0, 0, 1
2
) [16]. (iii) E belonging to Class D represents an entanglement witness in
both its left- and right-handed forms.
Proof. Since detB ≥ 0 ⇔ det B˜ ≥ 0 and detBTB ≥
0 ⇔ det B˜TB ≥ 0, we can directly convert the classifica-
tion scheme given in Section III B and use (6) and (7).
The necessary and sufficient conditions for E to belong
to Class A are therefore c4 − 2uc2 + q − χr ≥ 0 and
c4− 2uc2 + q+χr ≥ 0. These two inequalities are equiv-
alent to c4 − 2uc2 + q − |χr| ≥ 0. However, r ≥ 0 and
χ = ±1, 0 and so |χr| = r, where the case of a degenerate
E also holds since r = 0 if and only if χ = 0. Hence the
single inequality c4 − 2uc2 + q − r ≥ 0 is necessary and
sufficient for Class A. The two inequalities for Class D
simplify similarly.
Any E inside the Bloch sphere can thus be straight-
forwardly classified according to its geometric features.
As in Refs. [13] and [15] we can identify three geomet-
ric contributions: the distance of the centre of E from
the origin, the size of E (through terms such as trQ and
detQ) and the skew cˆTQcˆ (which gives a measure of the
orientation of E relative to c).
Fig. 1 shows example ellipsoids for each Class. We
now make a few remarks to highlight how Theorem 3
and the notion of ellipsoid chirality can be used together
with geometric properties to classify an ellipsoid.
• As discussed in Ref. [15], E for an entangled state
(Class B) must be left-handed, as it obeys χr <
−χr. We see similarly that E belonging to Class
C must obey χr > −χr and therefore be right-
handed.
• Any degenerate E inside the Bloch sphere must be-
long to Class A or Class D. The nested tetrahedron
condition [13] states that E fits inside a tetrahedron
inside the Bloch sphere if and only if it corresponds
to a separable state (Class A). For the case of de-
generate E , the nested tetrahedron may be taken
to be a triangle; degenerate E belonging to Class D
are therefore those which do not fit inside a triangle
inside the Bloch sphere.
• Non-degenerate E belonging to Class A are those
for which both the left- and right-handed ellipsoids
represent separable states. Non-degenerate E be-
longing to Class D are those for which both the left-
and right-handed ellipsoids represent entanglement
witnesses.
• Any E that meets the surface of the Bloch sphere
at a circle cannot represent a state regardless of
its chirality [15, 28]; such ellipsoids must therefore
belong to Class D.
Ref. [15] gave necessary and sufficient conditions for
a two-qubit operator to represent a state (separable or
entangled). Theorem 3 gives an alternative formulation
of this: given that E lies inside the Bloch sphere, it rep-
resents a state if and only if E belongs to Class A or
Class B. Any E inside the Bloch sphere that does not
represent a state must instead represent an entanglement
witness (Class C or Class D). This gives a new physical
interpretation to ellipsoids that were previously consid-
ered unphysical. In the remainder of this paper we will
investigate these ellipsoids and the corresponding entan-
glement witnesses in more detail.
IV. ELLIPSOIDS FOR TWO-QUBIT
ENTANGLEMENT WITNESSES
A. Definitions
W will denote a unit trace two-qubit entanglement wit-
ness, which could belong to either Class C or Class D. A
state ρ is detected by W when tr(ρW ) < 0, and a wit-
ness W1 is said to be finer than another witness W2 if
5all the states detected by W2 are also detected by W1.
W is called optimal when there does not exist a finer
witness [18]. This notion can be extended to optimality
within a set [7]: let S be a set of entanglement witnesses;
W ∈ S is optimal in S if there does not exist a finer
entanglement witness in S. Finally, W is weakly optimal
when there exists a product state |ψ〉 = |φ〉 ⊗ |ν〉 ∈ H
such that 〈ψ|W |ψ〉 = 0 [29].
B. Optimality and weak optimality
The properties of optimality and weak optimality can
be immediately visualised using the ellipsoid representa-
tion.
Theorem 4. Let W be a two-qubit entanglement witness
represented by ellipsoid E. Then
(i) W is optimal if and only if E is the whole Bloch
sphere and right-handed;
(ii) W is weakly optimal if and only if E touches the
surface of the Bloch sphere.
Proof.
(i) An optimal two-qubit entanglement witness is of
the form W = |ψe〉 〈ψe|TB , with |ψe〉 an entan-
gled state. The steering ellipsoid for a state ρ is
the whole Bloch sphere if and only if ρ is a pure
entangled state [13], and such a steering ellipsoid
must be left-handed [15]. An optimal entanglement
witness is the partial transposition of such a state
(ρ = |ψe〉 〈ψe|). Since partial transposition leaves
the ellipsoid surface invariant but flips the chiral-
ity, this corresponds to the case that E is the whole
Bloch sphere and right-handed.
(ii) That the property of weak optimality is pre-
served under the canonical transformation is clear
from (4): there exists |ψ〉 = |φ〉 ⊗ |ν〉 such that
〈ψ| W˜ |ψ〉 = 0 if and only if there exists |ψ′〉 =
|φ〉 ⊗ |ν′〉 such that 〈ψ′|W |ψ′〉 = 0. Since E is
invariant under the canonical transformation, it
therefore suffices to consider a canonical entangle-
ment witness W˜ . The proof then proceeds simi-
larly to Theorem 1. There exists |ψ〉 = |φ〉 ⊗ |ν〉
such that 〈ψ| W˜ |ψ〉 = 0 if and only if there exists
φ with |φ| = 1 such that φ · r(ν) = −1 for some
point r(ν) on the surface of E parametrised by ν.
Clearly φ ·r(ν) = −1 implies that there exists some
ν for which |r(ν)| = 1. Conversely, since the only
constraint on φ is |φ| = 1, if |r(ν)| = 1 then the di-
rection of φ can always be chosen so φ · r(ν) = −1.
So W˜ is weakly optimal if and only if |r(ν)| = 1,
i.e. a point on E touches the surface of the Bloch
sphere.
We thus see from a geometric perspective that an
optimal witness is a special case of a weakly optimal
FIG. 2. Any two-qubit entanglement witness W belongs to
either Class C or Class D; these are distinguished by whether
WTB is an entangled state or an entanglement witness. Wit-
nesses represented by degenerate E must belong to Class D,
while all witnesses in Class C must be right-handed. There
are weakly optimal witnesses in Class C and Class D, but an
optimal witness must belong to Class C. The optimality or
weak optimality of a witness is immediately evident from a
visualisation of E inside the Bloch sphere. Example witnesses
discussed in the main text are shown.
witness. In terms of the classification scheme given in
Theorem 3, optimal W must belong to Class C, since
WTB = |ψe〉 〈ψe| is an entangled state. A weakly opti-
mal W can belong to Class C or Class D (Fig. 2).
C. Examples of entanglement witnesses
We now look at some examples of two-qubit entangle-
ment witnesses to see how the geometric features of E
relate to witness properties. This will also serve to illus-
trate the distinction between Class C and Class D (recall
that W belongs to Class C when WTB is an entangled
state; W belongs to Class D when WTB is an entangle-
ment witness). The examples are shown on Fig. 2, with
the corresponding ellipsoids visualised in Fig. 3.
Example 1. The flip operator F is defined as F |φ〉 ⊗
|ν〉 = |ν〉 ⊗ |φ〉 [4]. After normalisation to unit trace we
have W = 12F = |φ+〉 〈φ+|
TB , where |φ+〉 = 1√
2
(|00〉 +
|11〉). In terms of the Pauli basis (1), we have a = b = 0
and T = diag(1, 1, 1). From (2) and (3) we see that
E representing W is the whole Bloch sphere with χ =
+1, as it must be for an optimal entanglement witness
(Theorem 4). As with any optimal entanglement witness,
W belongs to Class C.
Example 2. We consider a family of weakly optimal wit-
nesses originally presented in Ref. [30] and studied fur-
ther in Refs. [31, 32]. After normalisation, the family
may be parametrised by p as
Wp =
1
2
p 0 0 00 1− p 1 00 1 1− p 0
0 0 0 p
 .
6(i) Example 1 (ii) Example 2 (iii) Example 3 (iv) Example 4
FIG. 3. Visualisation of the example E . (i) E representing the optimal witness W = |φ+〉 〈φ+|TB is the whole Bloch sphere with
χ = +1. (ii) E representing a weakly optimal witness touches the surface of Bloch sphere. Here we show E for Wp with p = 15 ;
this meets the surface of the Bloch sphere at the circle on the equatorial plane. (iii) E representing W ∈ EW4 is an ellipse in
the xz plane. Due to the nested tetrahedron condition, there is no triangle inside the Bloch sphere that circumscribes E . (iv)
E representing optimal W ∈ EW4 is the xz unit disc.
In terms of the Pauli basis (1), we have a = b = 0
and T = diag(1, 1, 2p− 1). Ep representing Wp therefore
has centre c = 0 and chirality χ = sign(2p − 1). The
semiaxes of Ep are length 1, 1 and |2p − 1| aligned with
the x, y and z coordinate axes respectively.
Ep lies inside the Bloch sphere if and only if |2p−1| ≤ 1,
so Wp is block positive if and only if 0 ≤ p ≤ 1. Wp is
positive semidefinite for p = 0, and so Wp is an entangle-
ment witness if and only if 0 < p ≤ 1. Since all such Ep
touch the surface of the Bloch sphere, Wp forms a family
of weakly optimal entanglement witnesses. (It is straight-
forward to verify that 〈ψ|Wp |ψ〉 = 0 for |ψ〉 = |+〉 ⊗ |−〉
with |±〉 = 1√
2
(|0〉 ± |1〉), fulfilling the defining criterion
of a weakly optimal witness.) When p = 1, Wp reduces
to the optimal witness presented in Example 1. For all
other p, the ellipsoid Ep meets the surface of the Bloch
sphere at the circle on the equatorial plane. As discussed
in Section III C, such ellipsoids belong to Class D.
Example 3. Refs. [7, 8] introduce EW4, a set of two-
qubit entanglement witnesses that is of interest in quan-
tum key distribution. An entanglement witness W ∈
EW4 if and only if W = W
T = WTB .
Using the Pauli basis expansion (1), for W ∈ EW4 all
terms involving σ2 must vanish so
a =
a10
a3
 , b =
b10
b3
 and T =
T11 0 T130 0 0
T31 0 T33
 .
We then use (2) and (3) to find the corresponding ellip-
soid E. This has centre c lying in the xz plane. The
ellipsoid matrix Q is rank deficient and so E is degener-
ate (χ = 0). The support of Q spans the xz plane and
hence E itself must lie within the xz plane. E cannot
be a line or point, as these always describe a separable
state (since they correspond to degenerate tetrahedra in-
side the Bloch sphere and hence satisfy the nested tetra-
hedron condition [13]). Therefore E for W ∈ EW4 is an
ellipse in the xz plane. As a degenerate ellipsoid, all E
for W ∈ EW4 belong to Class D.
Example 4. Entanglement witnesses that are optimal
within the set EW4 are given by W =
1
2 (ρ + ρ
TB),
where ρ = |ψe〉 〈ψe| and |ψe〉 is a real entangled state [7].
Ref. [33] shows that E for such an operator is a circular
disc with centre c = 0 and radius 1. Any W ∈ EW4
must lie in the xz plane, and so optimal witnesses within
EW4 are represented by the xz unit disc itself. Note that
these witnesses are also weakly optimal for two qubits in
general, since E touches the surface of the Bloch sphere.
D. Optimality within a set: a conjecture
The examples given above suggest an interesting new
geometric perspective on optimality within a set of two-
qubit entanglement witnesses. Consider the set S of
all two-qubit entanglement witnesses. The ellipsoids de-
scribing W ∈ S always lie within the Bloch sphere, and
the optimal W ∈ S are simply the optimal two-qubit en-
tanglement witnesses. According to Theorem 4, the el-
lipsoid representing these optimal W is the whole Bloch
sphere. This E is the largest possible one representing
any W ∈ S.
Members of the set EW4 are described by E that are
ellipses within the xz plane (Example 3). The optimal
W ∈ EW4 are described by the whole xz unit disc (Ex-
ample 4). Again, this E is the largest possible ellipsoid
for any W ∈ EW4. This leads us to conjecture that the
optimal W within a set will always be described by the
largest possible ellipsoid.
Conjecture. Let E? be an ellipsoid lying inside the Bloch
sphere and S be a set of two-qubit entanglement witnesses
defined as follows: W ∈ S if and only if E representing W
lies inside E?. The optimal W ∈ S are then represented
by E = E?.
In the case that S is the set of all two-qubit entan-
glement witnesses, E? is the whole Bloch sphere; for our
example S = EW4, E? is the xz plane. Note that this
7FIG. 4. Visualisation of the Conjecture. The blue ellipsoid
is E?; the red ellipsoids are example witnesses W ∈ S. We
conjecture that the optimal W ∈ S are described by E = E?.
Conjecture applies to any E? belonging to Class C or
Class D.
Although this Conjecture is easy to visualise geomet-
rically (Fig. 4), it is nontrivial to approach analytically.
In addition to finding the optimal witnesses within a set,
the Conjecture involves determining whether a given W
belongs to S. This means finding whether one ellipsoid
E lies inside another E?, which, as noted in Section III A,
is a difficult problem.
V. CONCLUSIONS
The steering ellipsoid formalism for representing two-
qubit states has been extended to represent any two-
qubit block positive operator B. By classifying B using
the positivity of detB and detBTB , any ellipsoid inside
the Bloch sphere can now be classified as a separable
state, entangled state or entanglement witness.
We have studied several examples of two-qubit entan-
glement witnesses and found that features such as opti-
mality and weak optimality are clearly manifest in the
ellipsoid representation. This promotes ellipsoids as a
natural and intuitive scheme for representing two-qubit
entanglement witnesses. The geometric view also leads to
a new perspective on optimality within a set of two-qubit
entanglement witnesses.
It is also worth noting some features of the formalism
that we have considered without finding any significant
results. Is there any relationship between the ellipsoid
representing an entanglement witnessW and the set of el-
lipsoids describing two-qubit states that W detects? Or,
conversely, is there any relationship between the ellipsoid
of an entangled two-qubit state and the set of ellipsoids
describing entanglement witnesses which can detect that
state? For a two-qubit state the steering ellipsoid repre-
sents the set of single-qubit states to which Alice can be
steered given all possible local measurements by Bob; is
there an analogous physical interpretation for what the
entanglement witness ellipsoid itself represents? It also
remains to be seen whether an analogous representation
of entanglement witnesses is useful for studying higher-
dimensional scenarios such as many-qubit systems.
Finally, we note that Wang et al. [31, 32] have recently
characterised weakly optimal entanglement witnesses and
given a general procedure for their construction. The el-
lipsoid representation might give a novel geometric inter-
pretation of this procedure for the case of two qubits.
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